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Abstract 
An experimental-numerical hybrid method is proposed for obtaining reliable and accurate stress and strain 
distributions from measured displacement fields.  Tractions acting at the boundary of the local analysis region are 
inversely determined from the measured displacements inside that region.  Then, stresses are obtained by finite 
element direct analysis by applying the computed boundary condition.  Effectiveness is validated by applying the 
proposed method to the displacement fields around a hole in a perforated plate obtained by electronic speckle pattern 
interferometry, and the displacement fields around a crack tip obtained by digital image correlation.  Results show 
that the boundary condition for a local finite element model can be determined from the measured displacements and 
then the accurate and reliable stresses can be obtained by the proposed method.  It is expected that the proposed 
method can be powerful tool for stress analysis. 
© 2012 Published by Elsevier Ltd. Peer-review under the responsibility of H.D. Espinosa and F. Hild 
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1. Introduction 
Optical methods such as speckle interferometry, holographic interferometry, and digital image 
correlation are widely used for the measurement of surface deformation in solid mechanics [1-5].  
Generally, these experimental techniques provide only the information of surface displacements.  In other 
words, stresses and strains cannot be obtained directly by these methods.  Therefore, it is required to 
differentiate displacement distributions to obtain stresses and strains.  The derivatives of displacements at 
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a point can be estimated from the values of displacements at the neighboring points.  The use of a finite 
difference method, however, has the disadvantage that the errors in the measured values cause the greater 
errors in their derivatives.  For this reason, various techniques have been proposed for the numerical 
differentiation in the calculation of in-plane strains from the displacements [6-11].  However, it is still 
difficult to eliminate the influence of the measurement errors on the computation of strains.  Another 
difficulty of the numerical differentiation is the data treatment near boundaries and discontinuities.  It is 
difficult to evaluate the strains at the boundary accurately because the measured values do not exist 
beyond the boundary.  In addition, the measured values at the boundary frequently contain relatively large 
errors compared with those inside the boundary.  Furthermore, the difficulty exits in the evaluation of the 
strains near the crack tip because the small local region for computing strains sometimes overlap crack 
faces that have opposite displacements. 
On the other hand, the stress and strain distributions can be obtained by numerical methods such as a 
finite element method provided that an appropriate model is used and appropriate boundary conditions are 
given.  However, because actual boundary conditions are not always known, reliable results are not 
always obtained by numerical methods.  In order to obtain the accurate and reliable stresses and strains, 
the concept of hybrid method has been introduced, and various experimental-numerical hybrid methods 
have been proposed.  For example, Weathers et al. [12], Morton et al. [13], Tsai and Morton [14], and 
Jayarama et al, [15] used the measured displacements obtained by moiré or speckle interferometry as the 
boundary condition for solving the finite element equation.  Nishioka and coworkers [16,17] developed 
an intelligent hybrid method that can eliminate measurement errors.  Fujikawa and Takashi [18] improved 
Nishioka's method for obtaining the smooth stresses near the boundaries.  In these methods [12-18], the 
measured displacements at the boundaries of the analysis region are used as the boundary condition.  In 
other words, the measured values inside the analysis region are not sufficiently utilized for obtaining 
stresses and strain even if full-field displacement distributions are obtained by optical methods.  In order 
to obtain reliable and accurate stresses and strains and to take advantage of optical methods, the measured 
values inside the analysis region should be used for the analysis. 
In the present study, an experimental-numerical hybrid method is proposed for obtaining reliable and 
accurate stresses and strains from measured displacements inside the analysis region for elastic 
deformation field.  Tractions along the analysis region are inversely determined from the measured 
displacements inside that region using the method of least-squares.  Then, stresses and strains are 
obtained using finite element direct analysis by applying the computed tractions.  Effectiveness is 
validated by applying the proposed method to the displacement fields around a hole in a perforated plate 
obtained by electronic speckle pattern interferometry, and the displacement fields around a crack tip 
obtained by digital image correlation.  Results show that the boundary condition for a local finite element 
model can be determined from the measured displacements and then the accurate and reliable stresses can 
be obtained by the proposed method.  It is expected that the proposed method can be powerful tool for 
stress analysis. 
2. Inversion of Boundary Conditions 
It can be considered that the reasonably accurate stress distributions are obtained by a finite element 
method when the appropriate boundary conditions are given, provided that an appropriate finite element 
model is used and material properties are known.  In the proposed method, therefore, the boundary 
conditions of the analysis region, that is, the tractions along the boundary, are inversely determined from 
the measured displacements inside the region.  Then, the stresses are determined by finite element direct 
analysis by applying the computed boundary conditions. 
217 Satoru Yoneyama and Shuichi Arikawa /  Procedia IUTAM  4 ( 2012 )  215 – 226 
Consider that a two-dimensional linearly elastic body is loaded and in-plane displacements inside the 
analysis region are obtained using optical methods.  Figure 1 schematically shows a two-dimensional 
finite element model of the analysis region.  The tractions along the boundary of the finite element model 
are determined from the measured displacements in this study.  The displacements of some nodes are 
fixed so that the rigid body motion is not allowed.  Then, a unit force along one of the direction of the 
coordinate system is applied to a node at the boundary of the model.  That is, the finite element analysis is 
performed under the boundary condition of the unit force on the boundary.  The analysis is repeated by 
changing the direction of the unit force and the node at which the unit force is applied.  The displacement 
components at a point (xi, yi) for the applied unit force Pj = 1 (j = 1~N) are represented as u'ij and v'ij.
Here, i (= 1~M) is the data index, j is the index of the applied force, M is the number of the data points, 
and N is the number of the forces to be determined at the nodes along the boundary of the model.  The 
displacement components u'ij and v'ij under the unit force can be considered as compliances that connect 
the force applied at boundary and the displacements at a point.  The displacement components ui and vi at 
the point (xi, yi) under the actual nodal forces Fj (j = 1~N) can be expressed using the principle of 
superposition as 
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In equation (1), u'ij and v'ij are the compliances obtained by a finite element method, and ui and vi express 
the displacements obtained by optical methods.  Therefore, the actual nodal forces Fj at the boundary can 
be determined using the method of least-squares as 
(xi, yi)
Pj=1
Node Element
Fig. 1.  Finite element model with boundary condition of unit force 
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After determining the nodal forces F at the boundary, the stress components can be obtained by the finite 
element direct analysis by using the nodal force F as the boundary condition. 
In the proposed method, the boundary condition is determined so that the displacement distributions 
obtained by finite element method can become identical with those obtained by measurement.  In 
addition, least-squares method is used for eliminating the influence of the measurement errors.  Therefore, 
it is considered that the reliable and accurate results can be obtained by the proposed method. 
3. Experimental Verification of the Proposed Method 
A simple static problem is analyzed to verify the proposed method.  A plate made of an aluminum 
alloy, 360 mm in height, 50 mm in width and 5 mm in thickness, having a hole of diameter of 10 mm, is 
subjected to the tensile load of P = 3.5 kN as shown in Fig. 2.  The modulus of elasticity E and the 
Poisson's ratio Q of the material are E = 70 GPa and Q = 0.3, respectively.  The displacement fields in the 
area of about 35 mm u 25 mm around the hole are measured using electronic speckle pattern 
interferometry.  The speckle pattern is observed using a monochromatic CCD camera (768 u 576 pixels u
8 bits).  Then, the quantitative values of the displacement are obtained using a phase-stepping method.  
Figure 3 shows the set of the displacement components u and v around the hole in the 20 mm u 20 mm 
region.  As shown in this figure, the smooth distributions are obtained.  These displacement distributions 
are used as the data input into the algorithm by the proposed method. 
The hybrid stress analysis is performed in the 20 mm × 20 mm region around the hole, indicated by 
ABCD, shown in Fig. 2.  Figure 4 shows the finite element model of the 20 mm × 20 mm region used for 
the proposed method.  In this model, 8-noded isoparametric elements are used.  The numbers of the 
elements and the nodes are 200 and 680, respectively.  In order to obtain the stresses under the unit force 
at a point on the boundary, the displacements at some nodes must be fixed to prevent the rigid body 
motion.  In this study, the x and y components u and v of the displacement at the point A and the y
directional displacement v at the point B are assumed not to displace though these points are displaced 
actually.  This assumption is valid because the rigid body translation and the rotation of the analysis 
region do not affect the stress distribution.  In order to input the data into the algorithm by the proposed 
method, the rigid body translation and the rotation are excluded from the measured displacements so that 
the x and y directional displacements at the point A and y displacement at the point B may become zero.  
The nodal forces at the other nodes on the boundary are obtained by the proposed method.  The number 
of data points is M = 3819.  On the other hand, the number of the nodes along the boundary is 80 and thus 
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the number of the nodal forces along the boundary is 160.  That is, the number of the nodal forces to be 
determined is N = 157 because the three displacement components at the points A and B are fixed.  
The tractions along the boundary CD determined from the nodal forces obtained by the proposed 
method are shown in Fig. 5.  In this figure, the solid curves represent the values obtained by finite 
element direct analysis.  As shown in this figure, the tractions on the boundary of the analysis area 
obtained by the proposed method show good agreement with the values obtained by the direct analysis.  
Using the nodal forces obtained by the proposed method as the input data to finite element analysis, the 
stresses are computed.  Figures 6 show the stress components Vx, Vy, and Wxy around the hole obtained 
using the proposed method.  The stresses obtained using finite element direct analysis are also shown in 
Fig. 7 for comparison.  As shown in these figures, the smooth stress components are obtained from the 
measured displacements.  The stresses obtained using the proposed method show fairly good agreement 
with those obtained using finite element direct analysis.  As a result, the boundary condition of the local 
finite element model can be determined from the measured displacements and subsequent stress analyses 
can be performed by the proposed method. 
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Fig. 2.  Perforated plate specimen used for verifying the proposed method 
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Fig. 3.  Displacements around a hole obtained by electronic speckle pattern interferometry: (a) u; (b) v
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Fig. 4.  Finite element model for the analysis region 
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Fig. 5.  Tractions along the boundary CD 
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Fig. 6.  Stresses around a hole obtained by the prposed method: (a) Vx; (b) Vy; (c) Wxy 
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Fig. 7.  Stresses around a hole obtained by finite element direct analysis: (a) Vx; (b) Vy; (c) Wxy 
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4. Application to Crack Tip Stress Field Evaluation 
An example of the stress field evaluation around a crack tip is shown to demonstrate the effectiveness 
of the proposed method.  A polymer, polymethylmethactylate (PMMA), is used as a test material.  The 
modulus of elasticity E and the Poisson's ratio Q of the material are measured as E = 3.35 GPa and Q = 
0.43, respectively.  The specimen adopted is a strip with w = 80 mm in width, 2b = 40 mm in length and t
= 0.5 mm in thickness, having an initial crack C0 = 20 mm from the left edge as shown in Fig. 8.  In this 
figure, v0 represents the applied displacement at the edge of the specimen.  The ratio of the initial crack 
length to the other dimensions of the specimen is chosen to satisfy approximately the condition of a semi-
infinite crack [19].  In order to prevent the initiation of natural crack growth, a small hole of 0.25 mm in 
radius is drilled at the crack tip. 
In order to adopt the digital image correlation method [20], the specimen is painted with black ink on 
the surface, and white dot pattern is also painted by spray painting, such that the speckle-like pattern is 
created.  It is known that the size of the random pattern should be selected to oversample the intensity 
pattern by several sensors for accurate measurement.  In this study, each random pattern is oversampled 
by 10~40 pixels.  The test is performed by applying the displacement loading on the lower edge of the 
specimen normal to the crack surface at room temperature.  The variations of the speckle-like pattern 
around the crack tip are observed by a CCD camera (640 × 480 pixels × 8 bits).  The length of 1 mm 
corresponds to about 32 pixels in an image.  No crack growth is detected during the measurements. 
Using digital image correlation, the displacement components around the crack tip are obtained.  
Figure 9 shows the displacement fields u and v around the crack tip in the area of 3 mm × 3 mm under the 
applied displacement of v0 = 0.25 mm.   Here, the results are obtained for the subset size of 19 pixels × 19 
pixels.  It is observed that the smooth displacement fields are obtained by digital image correlation.  
However, the displacements around the crack surface and the crack tip are not accurately determined.  At 
a crack since subsets overlap crack faces, the displacements are determined by areas on each side of the 
crack surface that have opposite displacements.  In addition, the difficulty is found near stress 
concentration regions since it is assumed that the subset is deformed uniformly.  Therefore, the 
Crack
20
80
40
v0
v0
0.5
Portion gripped by a test machine
Unit: mm
Fig. 8.  Specimen geometry for crack tip stress field analysis 
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displacements within the region of radius of 0.5 mm from the crack tip and the region of 0.2 mm from the 
crack surface are excluded in the subsequent analysis.   
The finite element model of 3 mm × 3 mm region used for the proposed method is shown in Figure 10.  
The numbers of the elements and the nodes are 160 and 501, respectively.  The crack is located at the 
center of the model.  As shown in this figure, fine elements are used around the crack tip because the 
stresses vary remarkably around the crack tip.  In addition, singular elements are used at the crack tip. 
The displacement distributions u and v obtained by the proposed method from the displacements in 
Fig. 10 are shown in Fig. 11, and the stress distributions Vx, Vy, and Wxy are shown in Fig. 12, respectively.  
The smooth and symmetrical displacement and stress distributions are obtained near the crack tip where 
the measured values are unreliable.  They are also obtained near the crack tip and the crack face.  It is also 
observed that the reasonable stress distributions in Fig. 12 are obtained for the mode I loading.   
The stress intensity factor KI under the various loads is evaluated from the displacements obtained by 
the proposed method using the method of least-squares [21].  In addition, it is evaluated from the stress Vy
obtained by the proposed method using the method of extrapolation.  In order to compare the results, the 
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Fig. 9.  Displacement fields around a crack tip obtained by digital image correlation: (a) u; (b) v (v0 = 0.25 mm) 
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Fig. 10.  Finite element model around a crack tip for computing stresses by the proposed method 
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stress intensity factor is also evaluated from the displacements in Fig. 10 using the method of least-
squares.  The results are shown in Fig. 13.  The values of the stress intensity factor KI calculated using 
various methods agree well each other.  That is, the results indicate that the reasonable displacement and 
stress distributions are obtained by the proposed method. 
The proposed method utilizes the measured data inside the analysis region unlike hybrid techniques 
that compute the displacements and the stresses from the displacements along the boundary.  In other 
words, the reliable results are obtained by the proposed method because not only the data on boundary but 
also the full-field data are utilized.  The proposed method can be used as one of the methods for 
processing the data obtained by optical methods. 
5. Conclusions 
In this study, an experimental-numerical hybrid method for determining smooth stress distributions 
from measured displacements is proposed.  Tractions for a local finite element model are inversely 
determined from measured displacements inside the analysis region.  Then, the stress distributions are 
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obtained by finite element direct analysis using the computed tractions.  Effectiveness of the proposed 
method is validated by analyzing the stresses around a hole in a perforated plate under tension.  The 
stresses around a crack tip are also analyzed by the proposed method and the stress intensity factors are 
evaluated from the analysis results.  Results show that the boundary conditions of the local finite element 
model can be determined from the measured displacements and then the individual stresses can be 
obtained by the proposed method.  It is expected that the proposed method can be powerful tool for stress 
analysis.
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